We exhibit aspherical spaces X and Y is whose fundamental groups, topologized in a natural way, are isomorphic but not homeomorphic.
Introduction
The based fundamental group π 1 (X, p) of a topological space X inherits a canonical topology which can be seen as a topological invariant of the homotopy type of the underlying space X (Corollary 3.4 [1] ) For 'nice' spaces such as locally contractible spaces, this group will have the discrete topology (Theorem 2 [3]). However for spaces which are complicated on the small scale, the topological fundamental group can encode more information regarding both global and local properties of the underlying space X.
For example, (Theorem 4.1 [5] ) the fundamental group of the Hawaiian earring HE injects naturally via a homomorphism φ into the inverse limit of free groups. Because HE can be approximated by spaces with discrete fundamental group, the injectivity of φ is precisely equivalent to the fact that the topological group π 1 (HE) is completely regular (Theorem 6 [4]).
This note aims to further bolster the case for the utility of the notion of topological fundamental group by exhibiting aspherical spaces X and Y whose topological fundamental groups are isomorphic but not homeomorphic. Thus the topological fundamental group has the capacity to distinguish spaces of distinct homotopy type when the algebraic homotopy groups fail to do so.
Definitions
If X is a metrizable space and p ∈ X let C p (X) = {f : [0, 1] → X such that f is continuous and f (0) = f (1) = p}. Endow C p (X) with the topology of uniform convergence.
The topological fundamental group π 1 (X, p) is the set of path com-ponents of C p (X) endowed with the quotient topology under the canonical Let X = ∪ ∞ n=2 C n and let Y = X = X ∪ α. Let F n denote the free group on n letters {a 1 , a 2 , ...a n }.
Note both spaces X and Y are 1 dimensional and hence aspherical ([2]).
Notice if Z ⊂ Y is a Peano continuum then Z ∩ ({ The result of this paper can be summarized as follows.
Theorem 1 There exist separable metric spaces X and Y such that for each n ≥ 0 the inclusion map j : X ֒→ Y induces an isomorphism j * n : π n (X, p) → π n (Y, p), but such that the topological fundamental groups π 1 (X, p) and π 1 (Y, p) are not homeomorphic. Consequently X and Y cannot have the same homotopy type. 
